Robust fractional charge localized at disclination defects has been recently found as a topological response in C6 symmetric 2D topological crystalline insulators (TCIs). In this article, we thoroughly investigate the fractional charge on disclinations in Cn symmetric TCIs, with or without time reversal symmetry, and including spinless and spin-1 2 cases. We compute the fractional disclination charges from the Wannier representations in real space and use band representation theory to construct topological indices of the fractional disclination charge for all 2D TCIs that admit a (generalized) Wannier representation. We find the disclination charge is fractionalized in units of e n for Cn symmetric TCIs; and for spin-1 2 TCIs, with additional time reversal symmetry, the disclination charge is fractionalized in units of 2e n . We extend our results to interacting phases and prove that the fractional disclination charge determined by our topological indices is robust against electronelectron interactions that preserve the Cn symmetry and many-body bulk gap. Moreover, we use an algebraic technique to generalize the indices for TCIs with non-zero Chern numbers, where a Wannier representation is not applicable. With the inclusion of the Chern number, our generalized fractional disclination indices apply for all Cn symmetric TCIs. Finally, we briefly discuss the connection between the Chern number dependence of our generalized indices and the Wen-Zee term.
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I. INTRODUCTION
Topological insulators (TIs) are insulators having a gapped bulk, but metallic boundaries [1] [2] [3] [4] . Strong TIs with local symmetries (time reversal symmetry, particlehole symmetry and/or chiral symmetry) host gapless states at the boundaries of co-dimension 1, e.g., edges in 2D and surfaces in 3D. The TI phases have quantized topological invariants defined in the bulk and are robust to perturbations, including disorder, that preserve the symmetry and the bulk energy gap [2] . In the past decade, studies of TIs have been extended to insulators with additional crystalline symmetries, such as mirror or inversion symmetries [5] [6] [7] [8] [9] [10] [11] [12] . Conventionally, TIs with gapless boundary states that are protected by crystalline symmetries are referred to as topological crystalline insulators (TCIs). Recently, a new class of TCIs has been discovered -they are gapped at boundaries with codimension 1, but have robust, symmetry-protected features at boundaries with higher codimension, e.g., corners in 2D [13, 14] , and hinges or corners in 3D [14] [15] [16] [17] . Such insulators are known as higher-order topological insulators (HOTIs).
In 2D TCIs with gapped edges, crystalline symmetries alone cannot pin the corner states to the middle of a band gap, so they are not a generic topological feature [18, 19] . In order to have protected mid-gap states, additional particle-hole or chiral symmetries are necessary [18, 19] . As such, a generic topological character of TCIs without protected, mid-gap boundary modes is the quantiza- * Tianhe Li and Penghao Zhu contributed equally to this work. tion of fractional charge at boundaries [13, 18, [20] [21] [22] [23] [24] [25] or odd-parity integer charge at boundaries in spin-1 2 systems with time reversal symmetry [26, 27] . In the bulk, nontrivial topology due to crystalline symmetries can typically be diagnosed by the symmetry representations of the occupied bands at the high symmetry points (HSP) in the momentum space Brillouin zone (BZ) [5, 21, [28] [29] [30] [31] . These representations correspond to (generalized) configurations of Wannier orbitals (defined in Sec. III A) in real space through band representation theory [28, 30, 31] . It has been found that in TCIs with rotation symmetries, a topologically non-trivial (generalized) configuration of Wannier orbitals may lead to quantized fractional charges that are exponentially localized at the corners [13, 18, [22] [23] [24] [25] .
In this article we explore the existence of robust fractional charge on disclination defects in crystals with rotation symmetries [32] . These defects have been shown to give rise to topological bound states in topological crystalline superconductors protected by rotation symmetries [33, 34] , so it is natural to also try to identify any manifestations of fractional charge in TCIs. To motivate the idea, consider, for example, a C 4 symmetric TCI on an open square lattice having a fractional corner charge, where the fractional charges from all four corners add up to an integer. One can form a disclination through a cutting and gluing procedure. First, remove one quadrant of the lattice, and then glue the cut edges together. This will generate a disclination at the center of the lattice. From this construction there are now only three corners in the lattice so the sum of charges at the remaining corners is fractional. This implies that there will be a fractional charge at the core of the disclination since the total charge in the lattice must take an integer arXiv:1906.02752v1 [cond-mat.mes-hall] 6 Jun 2019 value.
Motivated by this intuition, we expect that disclinations can generally bind quantized fractional charges. Indeed, recent studies have proposed models of C 6 symmetric TCIs that exhibit fractional charge localized on disclination cores [18, 35] . Additionally, in a C 6 symmetric Chern insulator (which does not have a Wannier orbital description), numerical calculations reveal the existence of quantized fractional charges localized at the disclination cores [35, 36] . Despite these recent findings, a general topological index for the existence of quantized fractional disclination charges in C n symmetric 2D TCIs is still missing.
In this article, we initially consider 2D C n -symmetric TCIs that have (generalized) Wannier representations and derive the origin of charge fractionalization at disclination cores through a real space Wannier orbital picture (Sec. III A). From this information, and using the theory of band representations [28, 31] , we build the indices of fractional disclination charge for all TCIs with zero Chern number (Sec. III B). These indices apply to all 2D TCIs that admit a (generalized) Wannier orbital description, with or without TRS, but they are not capable of capturing the fractional disclination charge in insulators with non-zero Chern number. Then we allow for symmetry-preserving electron-electron interactions and find that the fractional charge determined by the noninteracting TCI indices remains robust as long as the interacting phases are adiabatically connected to noninteracting TCIs (Sec. III D). Finally, in Sec. IV, we extend the indices constructed in Sec. III B using an algebraic technique [33, 34] to build the generalized indices for all 2D C n symmetric TCIs, including those with Chern numbers, and both spinless and spin-1 2 cases. In general, we find that the charge is fractionalized at disclination cores in units of e n for the C n symmetric spinless TCIs, which is in agreement with recent findings for the quantization of fractional corner charge in C n symmetric HOTIs [18] , and in units of 2e n for the C n symmetric spin-1 2 TCIs with additional time reversal symmetry (TRS). Although a complete one-to-one correspondence between (generalized) configurations of Wannier orbitals in real space and symmetry representations at HSPs in the k space is absent, we show that the combination of symmetry representations themselves in the BZ and the Chern number can uniquely determine the fractional disclination charges.
II. DISCLINATIONS IN 2D INSULATORS
A two-dimensional C n symmetric lattice can be divided into n sectors, that each subtend an angle of 2π n from the rotation center, and which are related to the others by C n rotations. Inserting or removing such sectors into/from the lattice creates a 0D defect of the discrete C n rotation symmetry, called a disclination. In Fig. 1 , we show examples of disclinations constructed from a C 4 symmetric square lattice. Figure 1(a) shows the perfect lattice with C 4 rotation and lattice translation symmetry. The shadowed area indicates the four sectors that are related by C 4 rotations. Figure 1(b,d ) correspond to removing a 90
• sector of the lattice, while Fig. 1 (c) corresponds to inserting two 90
• sectors into the lattice. A disclination is characterized by the holonomy of a closed path around its core, i.e., the amount of translation and rotation accumulated by a vector after being parallel transported along the loop. We denote the holonomy by the operatort ar (Ω), wherer is the discrete rotation operator and Ω is called the Frank angle, whilê t is the discrete translation operator and a is a lattice vector: a = a 1 e 1 + a 2 e 2 [34] . For C 2 and C 4 symmetric lattices, we choose the unit lattice basis vectors to be e 1 = (1, 0) and e 2 = (0, 1), and for C 3 and C 6 symmetric lattices we choose the lattice vectors to be e 1 = (1, 0) and e 2 = ( 2 ), as shown in Fig. 2 . For example, in Fig. 1(b) , if we start from the open red circles and follow the direction of the arrow, after one loop, the holonomy isr(
). In the presence of a C n symmetry, the compatible Frank angles, are multiples of the minimum Frank angle 2π n . In general, while the Frank angle in the holonomy does not depend on the choice of the closed loop (as long as the orientation of the loop enclosing the defect is fixed), the translation part a does depend on the starting point of the closed path. Upon a translation of the starting point byt c , the holonomy becomeŝ
where we used the multiplication ruler nta =t Rnarn of the space group generated by discrete C n rotations and translations of the lattice vectors, e 1 and e 2 , and R n is a rotation operator by an angle 2π n acting on a vector in the two-dimensional plane. Since the topological properties/charges of a disclination should not depend on what loops we choose, the topologically distinct disclinations for a fixed Frank angle lie in equivalence classes [a] of the holonomy group. The classification of disclination types then relies on identifying different conjugacy classes of the translation part a, which is captured by the quotientt/[(R(Ω) − 1)t] (this formula only applies for Ω = 0, 2π) [34] .
Let us construct these translation equivalence classes. For a given Frank angle, the number of conjugacy classes [a] (n) of the translation piece is finite, and is in one-toone correspondence with the different types of C n lattice rotation centers. For disclinations with Frank angle
(4) (we use the superscript (n) to denote the corresponding Frank angle 2π n ) takes values in Z 2 , i.e., [a] (4) = 0 or [a] (4) = 1, by which we represent the sum of the two components of a being even or odd respectively. In Fig. 1(b,d) , we show the examples of two different types of disclinations with Frank angle Ω = − π 2 in a C 4 symmetric lattice. In Fig. 1(b) , choosing the closest loop to the disclination core (red loop with arrows), the holonomy ist −2e1r (− π 2 ), leading to [a] (4) = 0 while in Fig. 1(d) (2) = (0, 0), the disclination core lies on a lattice site, when [a] (2) = (0, 1) or [a] (2) = (1, 0), the core is at the middle of the link between two lattice sites, and when [a] (2) = (1, 1), the core is located at the center of a plaquette. For a disclination of Frank angle Ω = ± 2π 3 , [a] (3) is Z 3 valued, corresponding to the modulo 3 difference of two components of the translation holonomy, (a 1 − a 2 ) mod 3, being 0, 1 or −1. When Frank angle Ω = 2π 6 , the translation holonomy is zero, i.e., there is only one type of disclination. We label the only conjugacy class for this case as [a] (6) = 0. The configurations of all types of disclinations for each C n symmetry are shown in the Appendix A.
Since we will use it later, we also note that when a lattice has two disclinations (Ω 1 , a 1 ) and (Ω 2 , a 2 ), the total holonomy of a closed path enclosing both disclination cores is (Ω 1 + Ω 2 , a 1 +r(Ω 1 )a 2 ) [33, 34] .
III. FRACTIONAL DISCLINATION CHARGE IN TCIS WITH (GENERALIZED) WANNIER REPRESENTATIONS
A. Fractional disclination charge from Wannier orbital picture
If we can construct symmetric, spatially localized Wannier functions from the occupied Bloch states of a TCI, then we call the TCI an atomic insulator. In real space, an atomic insulator can be viewed as a set of Wannier orbitals centered at high symmetry points, or symmetryrelated points, called Wyckoff positions in each unit cell. In order to illustrate the Wyckoff positions in real space in more detail, let us denote G as the entire (symmorphic) space symmetry group generated by C n rotation and lattice translations, and denote G α ⊂ G as the site symmetry group of a Wyckoff position α. If we cannot find a finite group H ⊂ G that satisfies G α ⊂ H ⊂ G, then we call the site symmetry group G α a maximal subgroup of G and Wyckoff position α a maximal Wyckoff position [30] . In Fig. 2 , we show the maximal Wyckoff positions (labeled by a letter) for each C n symmetry. In a C n symmetric TCI, a maximal Wyckoff position α is only invariant under the site symmetry group C mα , m α n, and there are n mα points belonging to the same Wyckoff position per unit cell that are related by C n rotations. We denote M α = n mα as the multiplicity for the Wyckoff position α. Minimal Wannier orbitals centered at a Wyckoff position α form irreducible representations (irreps) of the site symmetry group C mα . We label such an irrep by its (total) angular momentum l, which is defined via the phase e 
The red open circles indicate the starting points of the loop.
for spin-1 2 case. In order to have a C n symmetric configuration of Wannier orbitals in each unit cell, we need M α Wannier orbitals with the same angular momentum l located at each point belonging to the same Wyckoff position, say α.
One can induce a representation α l of the space group generated by C n rotations and lattice translations from these M α Wannier orbitals [28, 30] . Due to the lattice translation symmetry, it is convenient to understand the induced representation α l in one unit cell in real space. Indeed, the induced representation α l just represents an atomic insulator having Wannier orbitals with angular momentum l located at Wyckoff position α in each unit cell throughout the entire lattice. We denote this Wannier representation of an atomic insulator as α,l n l α α l , where n l α 0 is the number of α l representations, l runs over all irreps of C mα , and α runs over all Wyckoff positions.
For example, in the C 4 symmetric case, c 0 means that there is one pair of Wannier orbitals with angular momentum l = 0 located at the two equivalent Wyckoff positions labelled by c (shown in Fig. 2(b) ) in each unit cell, and 2c 0 + a 1 means that there are two pairs of Wannier orbitals with angular momentum l = 0 located at two equivalent Wyckoff positions labelled by c, plus a Wannier orbital with angular momentum l = 1 located at the Wyckoff position labelled by a in each unit cell. In this sense, the set {n . In each unit cell, points of the same color belong to the same Wyckoff position and the number of points with same color indicates the multiplicity.
a crystalline atomic insulator. When the center of Wannier orbitals in one unit cell deviates from the center of the unit cell (position a in Fig. 2 ), the atomic insulator is said to be in an obstructed atomic limit.
Since one Wannier orbital carries the charge of one electron, the spatial charge distribution in an atomic insulator is determined by the Wannier orbital configuration {n l α } as well. We can generalize this idea to include fragile TCIs, in which an obstruction exists for constructing a set of symmetric Wannier functions (we will call this obstruction a "Wannier obstruction" in the following for brevity) [37, 38] . However, unlike a Chern insulator, which also has such a Wannier obstruction, when adding atomic insulator bands to a fragile TCI, the Wannier obstruction can be resolved [31, 39] , and the new combined TCI admits a Wannier orbital configuration. Consider the combination of the bands of a fragile TCI, and the bands of an atomic insulator {q In order to derive the localized charges at disclinations in TCIs which admit a generalized Wannier orbital description, let us first establish the direct relation between the configuration of Wannier orbitals and the bulk polarization. We can illustrate this connection through the one-dimensional Su-Schrieffer-Heeger (SSH) model [20] . Under inversion symmetry, the bulk polarization is quantized to be either 0 or e 2 (we set the electronic charge to e = 1 for simplicity from now on), corresponding to one Wannier orbital centered either at the center or at the boundary in each unit cell. Generalizing this correspondence to two dimensional lattices, the 2D coordinate inversion is equivalent to a C 2 rotation, and similar quantization conditions must hold for the components of the polarization vector. With C 2 symmetry we can consider the atomic insulator configurations. One Wannier orbital centered at Wyckoff position c(d) in Fig. 2 per unit cell corresponds to bulk polarization P = 1 2 e 1 (P = 1 2 e 2 ), and one Wannier orbital located at Wyckoff position b in Fig. 2 per unit cell corresponds to bulk polarization P = 1 2 (e 1 + e 2 ). Other, non-maximal Wyckoff positions do not contribute to the polarization. Following this argument, we can repeat it for each C n symmetry and write down the bulk polarization in terms of the number of Wannier orbitals centered at each Wyckoff position:
where the superscript (n) labels the C n symmetry and n α = l n l α for α = a, b, c, · · · . We note that C 6 symmetry forces the bulk polarization P (6) to vanish, i.e., P (6) = 0. This is because C 2 symmetry requires the polarization to be 0 or . Thus, in TCIs with C 6 symmetry which contains both C 2 and C 3 symmetry, the only possible polarization is 0.
The work in Ref 18 shows that insulators with trivial polarization may have quantized fractional charges that are exponentially localized at the corners of a finite two-dimensional lattice (or more generally in sectors subtending an angle of 2π/n for non-ideal geometries). Both the quanta and the localization of the fractional charge can be understood through the configuration of Wannier orbitals. We expect that the generalized Wannier orbital description captures the fractional charges at topological defects like disclinations in the same spirit. Provided that both the possible Wyckoff positions and disclination types are finite, we can do a case-by-case study to systematically investigate the charge fractionalization at each type of disclination and for each C n symmetry.
Let us take disclinations in C 6 symmetric lattices as an example to illustrate how we extract the fractional disclination charge from a configuration of Wannier orbitals. In Fig. 3(a) , we show the ideal case, where all Wannier orbitals are pinned at the Wyckoff position b. Each Wannier orbital contributes a charge of 1 3 to its three nearest unit cells (as indicated by arrows in Fig. 3(a) ). Then, we can clearly see that the unit cell at the core has fractional charge of 5 3 and all the other unit cells have integer charge. Therefore, a fractional disclination charge of 2 3 mod 1 is localized at the disclination core.
In general, the disclination locally breaks the rotation and translation symmetry and the Wannier orbitals near the disclination deviate from the Wyckoff positions. We show an example in Fig. 3(b) , where the Wannier orbitals closest to the core (dashed circles in Fig. 3(b) ) shift slightly. The shift of the Wannier orbitals causes changes in the charge distribution, and thus changes the charge in the unit cells at core and the 5 unit cells closest to the core (shadowed area in Fig. 3(b) ). The the unit cell at the core now has fractional charge The general case where Wannier orbitals near the disclination core (dashed circles) shift slightly, and the charge distribution is distorted from the ideal case. However, the disclination still has a localized fractional charge.
5 unit cells closest to the core now have fractional charge 2 − 5 . Other unit cells deep in the bulk have integer fractional charge. We can see that the fractional charge is still localized at the core and the deviation of Wannier orbitals only change its decay length. In order to calculate the quantized fractional disclination charge, we need to enlarge the summation area -we can sum up the charge over the unit cell at the core and the 5 unit cells closest to the core. By doing that, the change of charge in the unit cell at the core cancels the change of total charge over the closet 5 unit cells around the core. The fractional disclination charge is still quantized to be 5 3 , which is the same as in the ideal case. In general, for TCIs with larger correlation length, Wannier orbitals further away from the core may shift, which means the fractional disclination charge penetrates more into the bulk. However, we can always enlarge the summation area deeper into the bulk to calculate the quantized fractional charge.
Following a similar counting method, we identify the fractional disclination charges for all possible configurations of Wannier orbitals at all types of disclinations. The results are summarized in Tables I,II. As mentioned above, based on this data we can connect the fractional disclination charges to the generalized Wannier configuration. The disclination charge can generically be divided into two parts. One part is associated with the rotation part of the holonomy, corresponding to how many 2π n sectors are taken off or inserted. The other part is associated with the translation piece of the holonomy, and corresponds to the fractional charge at dislocations generated by nonzero bulk polarization [40] [41] [42] [43] [44] . In order to simplify the notation, we denote T (n) = a 1 d 2 − a 2 d 1 as the vector perpendicular to the translation part of the holonomy, where d i ·e j = δ ij is the basis of the dual space. According to the addition rule of disclination holonomies C3
, the results in Table I ,II can be summarized in the following index equations:
Although for a fixed Ω the vector T (n) may change for different choices of loops, the term T (n) · P (n) gives the same fractional values for equivalent disclination types. Since all n α 's in Eq. (3) are integer, we find, in general, the disclination charge is fractionalized in units of 1 n for C n symmetric TCIs. Additionally, for spin-1 2 TCIs, at each Wyckoff position, the Wannier orbitals form a set of Kramers' pairs in the presence of TRS. In that case, the number of orbitals at each point of a Wyckoff position α must be even, leading to fractional disclination charge quantized in units of 2 n .
B. Topological indices for fractional disclination charge in terms of rotation invariants
While it is straightforward to extract the fractional disclination charge pictorially from the configuration of Wannier orbitals {n l α }, it is not straightforward to obtain the configuration of Wannier orbitals for a given Bloch Hamiltonian h(k). In this section, we utilize band representation theory [28, 30, 31] to link the configuration of Wannier orbitals {n l α } in real space to the rotation invariants in k space. A benefit of rotation invariants is that they can be readily extracted from first principle calculations for real materials, or tight binding models. Then we derive the indices for fractional disclination charge in terms of the rotation invariants for both spin-1 2 and spinless atomic insulators and fragile TCIs.
In the presence of the C n rotation symmetry, the Bloch Hamiltonian h(k) satisfiesr n h(k)r † n = h(R n k), wherer n is the n-fold rotation operator and R n is a n-fold rotation acting on crystal momentum k. At the HSP Π (n) that satisfies R n Π (n) = Π (n) modulo a reciprocal lattice vector, the Hamiltonian commutes with the rotation operator, [r n , h(Π (n) )] = 0. Therefore, given the eigenstates of the Hamiltonian at
, where l and m run over the occupied bands. For spinless TCIs, r n n = 1 and we denote Π
. . , n as the eigenvalues ofr n at Π (n) . For spin-
n is a n−fold rotation on the orbital degrees of freedom, and e −i π n σz rotates the spin by 2π n . We denote the eigenvalues ofr n at Π (n) , in this case, as Π
where #Π
is the number of the occupied bands with the eigenvalue Π (n) p for both spinless TCIs and spin- 1 2 TCIs.
Following the method in Refs 28, 30, and 31, one can induce a band representation of the space group, which is generated by C n rotation and lattice translation, from a configuration of Wannier orbitals at Wyckoff positions {n l α }, and then read off the eigenvalues of the rotation operators at HSPs in BZ. This method allows us to connect a configuration of Wannier orbitals in real space to the symmetry representations at HSPs in k−space. We defer the detailed derivation of such a process for all configurations of Wannier orbitals in C 2 , C 3 , C 4 and C 6 symmetric TCIs to Appendix. B. Let us denote l 
involving the configuration of Wannier orbitals {n l α }. Additionally, for an insulator with a gapped energy spectrum, the number of occupied bands ν is constant across the BZ, which imposes a constraint on the total number of Wannier orbitals,
Recall that M α is the multiplicity of a given Wyckoff position α. Combining Eq. (5) and Eq. (6), one can get a set of linearly independent equations, from which we find the integers, {n α = l n l α } in terms of the rotation invariants.
Let us take C 6 symmetric spinless TCIs as an example. Given the number of occupied bands ν, at the HSP Π (n) , we only have n − 1 independent #Π (n) p s due to Eq. (6). We choose the set of independent numbers for each HSP in the BZ as #Γ (6) 1,2,3,4,5 , #K
. Meanwhile, Eq.(6) also leads to constraints on the rotation invariants defined in Eq. (4):
For the C 6 symmetric case, there are 5 nonzero rotation
, and only three of them are independent due to Eq.(7).
We choose to use K With n α = l n l α , we can get 9 linearly independent equations for 11 unknowns (n a , n b , n c , n
c ) Since we have more unknowns than equations, we cannot get unique solutions. However, according to Eq. (3), the fractional charge in a disclination only depends on n b and n c . Thus, we can write down n b and n c in terms of the 3 independent rotation invariants and 2 unknowns (we choose n 0 c and n 1 b here),
This is a crucial result. Note that for obstructed atomic insulators or fragile TCIs, n l α s must be integers, either positive or negative. Thus, the undetermined part of n b and n c are a multiple of 3 and a multiple of 2 respectively, which will not affect the fractional charge according to Eq. (3). Substituting Eq. (8) into Eq. (3), we can get an index for the fractional disclination charge solely in terms of rotation invariants
For the spin- and then we recover exactly the same equation set, and thus the same index, i.e., Eq. (9) is applicable for both the spinless case and spin-1 2 case. For C 2 , C 3 , and C 4 symmetric insulators, we can do the same thing and solve for all n α 's needed to calculate the fractional charge in Eq. (3). We find that, for each C n symmetry, the unknown parts in the solutions of n α 's never contribute to the fractional charges. Finally, we can write down the fractional disclination charge indices in terms of rotation invariants as
Following Eq. (2), the bulk polarization can be written down as
(e 1 + e 2 ) ,
(11) Detailed derivations of Eq. (10) and Eq. (11) are shown in Appendix B. These indices capture the fractional portions of charges that are exponentially localized at the disclination. They are robust against perturbations that preserve the C n symmetry and bulk energy gap.
As discussed above, the indices in Eq. (9) and Eq. (10) apply for both the spinless and spin-1 2 C n symmetric TCIs, as long as the TCIs admit a (generalized) Wannier description. Therefore, the invariants in Eq. (10) are subject to the constraints imposed by a vanishing Chern number, since TCIs with non-zero Chern number do not admit a (generalized) Wannier representation [45] . For the disclinations with the minimal Frank angle Ω = 2π n , the coefficient in front of the parenthesis in Eq. (10) is Ω 2π = 1 n . Since the term coupled to Ω 2π is an integer in Eq. (10), the minimal fractional disclination charge in C 3 symmetric TCIs is 1 3 . However, it is not obvious from the indices themselves whether this is the same for C 2 , C 4 , and C 6 symmetric TCIs. Using the results in Ref. 21 , we find that the Chern numbers in C 2 , C 4 , and C 6 symmetric TCIs satisfy,
Imposing the vanishing Chern number constraints on the rotation invariants, we find the term coupled to Ω 2π must also be an integer for C 2 , C 4 , and C 6 TCIs. Therefore from the indices, we find that the disclination charge is fractionalized in units of 1 n a C n symmetric TCIs. Now let us discuss the influence of TRS on this quantization. TRS requires that the eigenvalues of rotation operators at time reversal invariant HSPs must come as complex conjugate pairs if they are complex. For spinless TCIs withT 2 = 1 (T is the time reversal opera-
3 ] for C 6 symmetry. These constraints do not further influence the fractionalization of disclination charge from the case without TRS.
For the spin- Therefore, one can only remove or insert an even number of electrons to the disclination while preserving TRS. In order to change the charge from even to odd, either a topological phase transition must happen or TRS must be broken. Thus, we find that the amount of topologically robust charge can be well-defined modulo 2 in this case instead of modulo 1. When the disclination carries an odd-integer charge, TRS implies a form of 2D spincharge separation [46, 47] that is a generalization of the spin-charge separation at the domain wall of the spinful SSH model [48] .
Let us first illustrate how to use a Wannier orbital picture to understand the spin-charge separation at the domain wall of a spinfull SSH model. Fig. 4(a) shows the lattice configuration of an infinite 1D SSH chain. There are two sites in one unit cell and each of them can contain two electrons, one with spin up and one with spin down. The single (double) bounds represent hoppings with weaker (stronger) amplitudes. The left part of the lattice is in the topological phase and the right part of the lattice is in the trivial phase, creating a domain wall (dashed line) in the middle. When imposing TRS with T 2 = −1, which acts locally in real space, two Wannier orbitals are grouped together to form a Kramers' pair, which carries 2 electric charges and zero spin. Without loss of generality, we assume one Wannier orbital has S z = + In the left part (topological phase), the Kramers' pairs are localized in between unit cells. For each Kramers' pair, the Wannier orbital with S z = + . As such, they contribute a charge of 1, and zero spin to each of the two adjacent unit cells. In the right part (trivial phase), the Kramers' pairs are localized at the center of the unit cells, and they contribute a charge of 2 and zero spin to the unit cells in which they reside. Figure 4 (b) shows a schematic energy spectrum of such a configuration, where two mid-gap states (red dots) are induced at the domain wall. These two mid-gap states are degenerate, and the degeneracy is protected by TRS. If both midgap states are filled then the corresponding Wannier orbital configuration is shown in Fig 4(c) . Following the counting method discussed above, each unit cell away from the domain wall has a charge of 2 and zero spin. However, a unit cell at the domain wall (to the left to be precise) carries a charge of 3 and zero spin. Note that if the two midgap states are empty, the charge at the domain wall changes by 2, i.e., it still remains odd, and the spin remains zero, i.e., it remains time-reversal invariant. However, if we slightly break TRS, the two mid-gap states are split and become spin polarized in some direction (we will call it the z-direction without loss of generality). Suppose we fill the low-energy state with S z = − By analogy we show an example of an ideal, time reversal invariant configuration of Wannier orbitals that carries odd-integer charge, but no spin at a disclination. As shown in Fig. 4(d) , the Wannier orbitals with S z = + 1 2 in the three Kramers' pairs around the disclination core contribute a total charge of 3/2, and the three Wannier orbitals with S z = − 1 2 contribute a total charge of 3/2 to the disclination core. In total, we have a charge of 3 and zero spin at the core, which is a manifestation of spin-charge separation. The odd integer disclination charge is robust upon the addition of Wannier orbitals of Kramers' pairs to the disclination core since such addition only changes the disclination charge by 2. If we want to change the odd charge to even charge, we can add a single electron to the core. However, a single electron introduces an un-paired spin to the disclination core, and indicates broken TRS.
Despite the clear distinction between even and odd integer charges, the disclination indices, written solely in terms of rotation invariants cannot distinguish the evenness or oddness of the disclination charge. The reason is that when solving for n α from rotation eigenvalues at HSPs with the constraints of TRS, the undetermined part is not generally an even number. Let us elaborate this in C 6 symmetric case: the undetermined part n It is clear from Eq. (9) and Eq. (10) that the fractional charges in all types of disclinations for two-dimensional C n symmetric TCIs that are either obstructed atomic insulators or fragile topological insulators are completely determined by the rotation invariants. Let us discuss an important consequence of this result. Although the rotation invariants are sufficient to determine the charge response at the disclinations, given all rotation invariants, it is not enough information to determine whether the TCI is a fragile TCI or an obstructed atomic insulator. For example, when there is C 2 symmetry, a fragile TCI represented as b 0 + c 0 + d 0 + a 1 − a 0 , and an obstructed atomic insulator represented as b 0 +c 0 +d 0 , both of which have 3 occupied bands, have the same rotation invariants X . Therefore, one cannot generically use fractional disclination charge as an indicator to distinguish fragile TCIs from obstructed atomic insulators as discussed in Ref 35 . For some models it may be appropriate, but we offered a counter example above.
C. Numerical simulation of fractional disclination charge
In this section, to verify that our indices apply beyond the zero-correlation length (pictorial) limit we numerically study the charge distribution for a spinless C 4 symmetric tight-binding model on a lattice with multiple disclinations. We verify that the indices we derived in Sec. III B correctly capture the fractional charge localized at the disclination cores. Figure 5(a) shows the lattice configuration of the model with disclinations. It has four sites (black dots) per unit cell (the gray square) and nearest-neighbor intra-cell (dashed lines) and intercell (solid lines) hopping terms. In a defect-free lattice with translation symmetry, and with the basis of sublattice sites labeled in Fig. 5(a) , the Bloch Hamiltonian is, 
where t 0 is the amplitude of the intra-cell hopping terms, and we have set the amplitude of the inter-cell hopping (13) with eigenvalues of the C4 rotation at Γ and M point and the C2 rotation at X point. 
C4 HSPs
which satisfiesr 4 4 = 1. If |t 0 | = 1 the bulk bands are gapped at half-filling and we choose to fill the lowest two bands. When t 0 < 1, the model is in the topological phase. We summarize the eigenvalues of rotation operators at HSPs for the lowest two bands in Table III We can construct the lattice with multiple disclinations by connecting three rectangular patches [area circled by gray dashed line in Fig. 5(a) ] together with the inter-cell hopping terms. The unit cells at the boundary of each patch having hopping terms with the same color are connected. With this choice of boundary condition, the center of the lattice [A in Fig. 5(a) ] forms a disclination with
(4) = 0 [see Fig. 1(b) ]. The translation part of the holonomy is a = −2e 1 corresponding to a normal vector T (n) = −2e 2 . As a result, the term related to the bulk polarization in Eq. (10), T (4) · P (4) is an integer and does not contribute to the fractional disclination charge. Therefore, only the rotation part of the holonomy contributes to the fractional disclination charge at A. Substituting the rotation invariants into Eq. (10), the fractional disclination charge is (4) = 1 [see Fig. 1(d) ]. In both cases, the translation part of the holonomy contributes to the fractional disclination charges. However, substituting the rotation invariants into Eq. (10), at disclination B, the fractional charges from the rotation part of the holonomy compensate the fractional charges from the translation holonomy, resulting an integer charge at B. While at C, the rotation part of the holonomy does not induce fractional charges, leading to a fractional disclination charge of 1 2 . In Fig. 5(c) , we show the numerical simulation of the charge density after subtracting the background charge of two electrons per unit cell in the bulk. The net electronic charge is exponentially localized at the disclination cores A and C. In Fig. 5(b) , we show the integrated charge density over an area enclosed by a circle with a radius r away from the disclination core A. It converges to the quantized value 1 2 mod 1 exponentially. At C, the integrated charge density also exponentially converges to the quantized value 1 2 mod 1. Finally, at disclination B the integrated net charge densities are zero. In all cases, the numerical results are consistent with the results calculated from the indices Eq. (10).
Finally, let us point out a subtlety in calculating the disclination charge using the indices. The correspondence between the Wannier orbitals in real space and symmetry representations at HSPs in k−space requires the same choice of unit cells. That means, we do not cut inside unit cells when taking off or inserting sectors into the lattice to construct the disclinations. For example, in the recent work of Ref 35, Liu et. al. considered the fractional disclination charge in a C 6 symmetric fragile TI. When constructing a disclination of Ω = − π 3 , one needs to choose the nearest 6 sites on the same hexagon to form a C 6 symmetric unit cell. Under that enlarged choice of unit cell, we calculated the fractional disclination charge through the rotation invariants of the Hamiltonian with enlarged unit cells. The results are consistent with the numerical simulations in Ref. 35 . This clearly shows that the physics that the indices capture is also applicable to fragile TCIs. Therefore, we have numerically verified that our indices are reliable for fractional disclination charge in both fragile TCIs and atomic insulators, no matter whether it is induced by the translation part or rotation part of the holonomy. We will go on to discuss extensions of our indices to include Chern numbers in Sec. IV, but first we will conclude this section with a discussion of the stability of the fractional charges in the presence of symmetry-preserving interactions.
D. Robustness of the fractional charge in the presence of interactions
In this subsection, we will determine the robustness of the fractional disclination charges to the presence of symmetry-preserving electron-electron interactions. We will focus on the stability of fractional charges in interacting phases that are adiabatically connected to the noninteracting TCIs, and leave the properties of new phases that are only induced in the presence of interactions to future work. For our arguments we require that the allowed interaction terms in a Hamiltonian should preserve the lattice translation symmetry, C n rotation symmetry, and U (1) charge conservation symmetry. Due to the lattice translation symmetry, we can reduce the entire lattice to one unit cell and study the charge (corresponding to the U (1) symmetry) and angular momentum (corresponding to C n symmetry) per unit cell.
Let us consider a C n symmetric TCI which can be Fig. 2 ) in each unit cell, and thus the total charge Q = 2 and total angular momentum L = M c × 0 = 0. Similarly, in a TCI having Wannier representation c 1 which is induced from the non-trivial irrep of the site symmetry group C 2 at the Wyckoff position c, there are two p-orbitals at two equivalent Wyckoff positions c (see Fig. 2 ), so the total charge is Q = 2 and the total angular momentum is L = M c × 1 = 2. Both the charge Q and the angular momentum L per unit cell should be conserved when we turn on interactions as we specified the interactions preserve C n and U (1) symmetry. Through a process where we turn on interactions, perform a deformation, and then turn interaction off, we can deform a non-interacting TCI into another non-interacting TCI with different topology, i.e., different rotation invariants, without closing the gap, which might cause a change in charge fractionalization at a disclination. In order to study whether the fractional charge at disclinations is robust when interactions are present, we first discuss the possible deformations in interacting systems [50] . The conservation of charge and angular momentum imposes constraints on the allowed deformations that connect two insulators described by {n l α } and {(n l α ) } respectively: Q = Q and L = L. With these two restrictions we have the following rules for allowed deformation:
1. At one specific Wyckoff position α, a set of orbitals described by {n l α } is equivalent to another set of orbitals described by {(n l α ) } if Q = Q and L = L, i.e., they are connected by an adiabatic and continuous symmetry-preserving deformation. For example, in C 4 symmetric case, two filled a 1 's are equivalent to two filled a 3 's.
2. For a specific Wyckoff position α, let the orbital configuration be described by {n l α }. Every complete set of all possible representations l of C n located at α can be continuously deformed into a set of orbitals centered at another Wyckoff position β through a continuously deformable general Wyckoff position. The new configuration n l β will also contain (at least one) complete set of representations. For example, a C 4 symmetric TCI a 0 + a 1 + a 2 + a 3 can be continuously deformed to a C 4 symmetric TCI c 0 + c 1 , both of which have charge Q = 4 and angular momentum L = 2 mod 4.
Note that the first rule is only true when there are interactions because if there is no interaction, the band gap, or equivalently, the gap between the many-body ground state and excited states must close during the deformation. Let us again take the C 4 symmetric case as an example. When there is no interaction, if we want to deform two a 1 's into two a 3 's, the band gap must close and reopen because the occupied bands with eigenvalue i must touch the conduction bands with eigenvalue −i to exchange the eigenvalue of rotation. This means the gap between the many-body ground state and excited states must close and reopen. When there are interactions, however, we can have symmetry preserving interaction terms like c † 3a,1 c † 3a,2 c 1a,1 c 1a,2 , where c la,j destroys an electron represented by a l and j is the index for the internal degrees of freedom. This kind of interaction term can keep the gap between many-body ground state and excited states open during the deformation.
From these allowed deformations we can see that the fractional charge is stable. The first kind of deformation cannot change n α = l n l α for any α, so the fractional charge will not change after the deformation according to Eq. (3). The second kind of deformation always changes M α n α by multiples of n for a C n symmetric TCI. Thus, according to Eq. (3), the fractional charge will not change after the second deformation either. If we further impose TRS with T 2 = −1, the n α = l n l α still remains the same after the first kind of deformation and at each Wcykoff position α, we must have Wannier orbitals of all angular momentums l = The change of M α n α is therefore always multiples of 2n for a C n symmetric TCI after the second kind of deformation. Thus, according to (3), we can conclude that after the two allowed deformations, the fractional charge still remains the same, and furthermore, the oddness or evenness of the integer charge also does not change when imposing TRS with T 2 = −1(Note that as discussed in Sec III B, the topological charge should be defined modulo 2 when there is TRS with T 2 = −1). In conclusion, the fractional disclination charge is robust in the presence of interactions. When there is TRS with T 2 = −1, the oddness or evenness of the integer charge is also robust in the presence of interactions.
IV. FRACTIONAL DISCLINATION CHARGE FOR TCIS WITH CHERN NUMBER
So far we have investigated the fractional disclination charges for two dimensional C n symmetric TCIs that admit a (generalized) Wannier representation. In this section, we will use an algebraic method to generalize the indices for fractional disclination charge to TCIs with a non-zero Chern number. In this case one cannot construct spatially localized Wannier functions from the Bloch states of the occupied bands, and therefore a (generalized) Wannier picture is not applicable [37, 38] . However, it is known that the Chern number can survive in the presence of interactions[51] so we expect the contributions due to the Chern number to remain when interactions are turned on (at least when interactions preserve rotation symmetries).
Each class of 2D C n symmetric TCIs can be characterized by a set of topological invariants,
is an irreducible set of rotation invariants, and ch is the (first) Chern number. Consider two Hamiltonians H 1 and H 2 with the same symmetries, but belonging to different classes with the topological invariants χ
2 , and fractional disclination charges Q 1 , Q 2 . If we stack them together, the combined TCI can be described by a new Hamiltonian H = H 1 ⊕ H 2 with topological invariants
2 , where the Chern numbers add integers, and the rotation invariants add up according to their cyclic group structure. One can turn on symmetry preserving coupling terms between H 1 and H 2 , and χ (n) remains the same as long as the bulk gap is not closed.
When stacking the two Hamiltonians together, the fractional disclination charge in the combined insulator is Q = Q 1 + Q 2 , and it is stable to the addition of symmetry preserving coupling terms that do not close the band gap. Due to the same additive algebraic structure of the fractional disclination charge Q, and the topological invariants χ (n) , the index of fractional disclination charge Q(χ (n) ) is a linear function of {[Π (n) ], ch} for a given disclination type. Therefore, one can use the algebraic method in Refs. 33 and 34 to derive the index Q(χ (n) ) from a set of primitive Hamiltonian generator models with linearly independent invariants for each C n symmetry. The disclination charge indices Q (n) dis that we derived in Sec. III B using the real-space Wannier picture and band representation theory, correspond to an index Q(χ (n) ) derived from generators with ch = 0. In order to generalize our indices to TCIs with non-zero Chern number, for a given C n symmetry and disclination type, we can set the disclination charge as
where we use Q (n) dis,ch to represent the generalized index of fractional disclination charge including Chern number contributions to distinguish it from the index Q (n) dis in Sec. III B. The parameter β generically depends on the disclination type (n Ω , a), and the problem of generalizing the fractional charge indices boils down to determining β.
To find β we can proceed as follows. Consider a lattice having two disclinations (Ω 1 , a 1 ) and (Ω 2 , a 2 ), each of which binds a fractional charge Q dis,ch (Ω i , a i ), i = 1, 2. The total charge localized at the region covering the two disclinations is
Therefore, in order to be compatible with the addition rule of disclinations, β must be proportional to
To solve for γ in each Q (n) dis,ch , we numerically calculated the fractional charge localized at disclinations for a C nsymmetric insulator with ch = 1. We summarize the results in the Table IV. The details of the Hamiltonian of each Chern insulator, and corresponding charge density distribution are shown in Appendix C. 
1 ] = −1 1 4 Having established the numerical results in Table IV, we can solve for γ and write the generalized indices:
(18) To confirm these formulae we also numerically calculated the fractional charge at different types of disclinations for each C n symmetric insulator with different Chern numbers. All the numerical results are consistent with our indices for fractional disclination charge in Eq. (18)(see Appendix C for more details).
What we find here is that disclinations, which are sources of geometric curvature, act as an effective flux. In the presence of a Chern number, and/or non-trivial rotation invariants this flux traps charge. A similar effect is known in the quantum Hall effect literature where the U (1) electromagnetic field can couple, in the presence of continuous rotation symmetry, to the geometric spin-connection field with the Wen-Zee term[52-55]
We can compare our results to the charge response of a quantum Hall insulator with a Chern number ch from which we find
(20) For the C 6 symmetric case, according to Eq.(12), we (18) and find
+ ch mod 1. (21) Note that we include the 6N (where N is an undetermined integer) is because that the relationship between the Chern number and rotation invariants in Eq. (12) is only correct modulo 6. It is clear that the 6N term will not affect the fractional charge in Eq. (21) modulo 1. We can conclude from this result that the coefficient in front of ch in Eq. (21) is consistent with that in the Wen-Zee term in Eq. (20) . However, if we try to repeat the process for the C 2 , C 3 and C 4 symmetric cases we find results that do not agree. Let us take C 2 symmetric case as an example. If we want to generate a term
dis,ch in Eq. (18) that will match the Wen-Zee result, we can use Eq.(12) to rewrite
− N and substitute it into the C 2 index in Eq. (18) , where N is an undetermined integer. Unlike the C 6 symmetric case, we cannot drop N here because when Ω = π, we will have a term 1 2 N in Q (2) dis that contributes to the fractional charge. For this reason, we cannot make the coefficients of the ch consistent with the Wen-Zee result unless we introduce an undetermined term into the indices Q (n) dis,ch . Instead, we generically have coefficients of ch that are half of that in Eq. (20), i.e, Ω 4π in C 2 , C 3 and C 4 symmetric cases. It is unclear what final conclusions to draw about the connection between our invariants for discrete rotation symmetries and the Wen-Zee term that applies for continuous rotation symmetry. This is an exciting open problem for future work.
V. DISCUSSION AND CONCLUSIONS
In conclusion, we have derived general indices for fractional disclination charge in two-dimensional C nsymmetric TCIs. For TCIs that admit a (generalized) Wannier representation, including atomic limit insulators and fragile TCIs, the method we use clearly illustrates the origin of charge fractionalization and the robustness of fractional disclination charge in the presence of interactions. For TCIs with non-zero Chern number, on the other hand, the lack of a pictorial representation makes the fractionalization of charge at disclinations far from evident. However, in this case, we can build the topological indices (Eq. (18)) using an algebraic method. It is well known that an external flux piercing the plane in a Chern insulator leads to a charge response proportional to the product of Chern number and the flux. From our indices in Eq. (18), we can see that the Chern number couples to the Frank angle Ω, suggesting that the disclinations can induce an effective flux, which is responsible for the appearance of fractional charges.
However, the exact correspondence between the effective flux and defects is an open question. Knowing the answer of this question will help identify fractional charges localized at defects with fewer symmetry requirements. For example, retaining translation symmetry in the bulk far from the defects may not be necessary for charge fractionalization at disclinations in Chern insulators, as it seemingly is for atomic limit insulators and fragile TCIs [36] . That is, the fractional charges at defects in a Chern insulator might be more robust against disorder. A related open question is the origin of the rotational invariant terms in Eq. (18) in systems that do not admit (generalized) Wannier representation. These facts imply that there is richer physics besides the WenZee response underlying charge fractionalization in Chern insulators with discrete rotation symmetries, and it deserves further investigation. In this section, we list lattices with disclinations of different holonomy (Ω, [a] (n) ). The Frank angles of disclinations in C n symmetric lattices are multiples of can be described by a space group G. There are high symmetry points q in real space that are invariant under a subgroup of G, which is called the site symmetry group G q for the point q. Given a high symmetry point q 1 in real space, we find g µ ∈ G satisfying g µ / ∈ G q1 to map q 1 to other points in the unit cell of q 1 , g µ q 1 = q µ for µ = 2, 3, . . . M α . These M α points belong to the same Wyckoff position α with the multiplicity M α . We can induce a representation of the space group G from (a) (b) (c) an irreducible representation of the site symmetry group G q1 ∈ G at the point q 1 in the Wyckoff position α. We denote the irreducible representation of G q1 by ρ and denote the induced representation of G from ρ by ρ G . For all h ∈ G, we have
where g ∈ G q , and t is a translation by a lattice vector,
where i, j = 1, 2, · · · , n q , and n q is the dimension of the irreducible representation ρ of the site symmetry group G q . For C n symmetric TCIs, h = {C n |(0, 0)}, we can use Eq. (B2) to calculate the rotation eigenvalues of an induced band representation ρ k G ({C n |(0, 0)}) from the irreducible representation of the site symmetry group of a maximal Wyckoff position at all HSPs in k space (see Fig.2 for all maximal Wyckoff positions). Fig. 10 shows 
.
the BZ and HSPs for C 2 , C 3 , C 4 and C 6 TCIs. In the following, we will use Eq. (B2) to derive the relation between the number of Wannier orbitals at a maximal Wykcoff position and rotation invariants at HSPs in k−space for each C n symmetry.
Twofold symmetry
As shown in Fig. 2 , the four maximal Wyckoff positions of the C 2 symmetric lattice are labelled by a, b, c, and d. We choose e 1 = (1, 0) and e 2 = (0, 1) to be the lattice vectors. The multiplicities of these four Wyckoff positions are all 1. Thus, we can ignore the indices µ and ν in Eq. (B2). In order to induce the band representation of G, which is generated by the C 2 rotation and lattice translations, from the irreducible representation ρ of G a = {{E|(0, 0)}, {C 2 |(0, 0)}}. We substitute h = {C 2 |(0, 0)} into Eq.(B2) and find
Since C n group is Abelian, the indices i and j are also unnecessary, i.e., ρ(g) for ∀g ∈ G a is just a number. For the Wyckoff positions b, c, and d, with site symmetry groups
From these band representations, we can read off the eigenvalues for the 2-fold rotation operator ({C 2 |(0, 0)}) at all HSPs. The results are listed in Table V , where the angular momentum l labels different irreducible representations of a site symmetry group. From Table V , we count the number of the p-th (p = 1, 2) eigenvalue of {C 2 |0, 0} at the HSPs Π (2) from the irreducible representation l of the site symmetry group of a maximal Wyckoff position α (α = a, b, c, d). We denote this number as l Π (2) pα . For example, we have 0 
where, for obstructed atomic insulators or fragile TCIs, n 
as also found in Refs 18 and 21. For the disclination charge we have,
for i, j = 1, 2 and a = a 1 e 1 + a 2 e 2 is the translation holonomy.
Threefold symmetry
For C 3 symmetric lattices, we choose the basis vectors to be e 1 = (1, 0) and e 2 = (
2 ). There are three maximal Wyckoff positions, which are labelled by a, b, and c as shown in Fig. 2 in the main text. They all have multiplicity 1. Therefore, we can ignore the indices µ and ν in Eq. (B2). The site symmetry group at each Wyckoff position is isomorphic to the C 3 point group which has three (one dimensional) irreducible representations. Therefore, we can also ignore the indices i, j. From Eq.(B2), we find
for band representations induced from the irreducible representations of G a , G b , and G c , respectively. We then use Eq. (B9) to read off the eigenvalues that labels the representations of {C 3 |(0, 0)} at all HSPs. The results are listed in Table VI . Just as in the case of C 2 symmetric TCIs, we have 7 linearly independent equations (2 from each HSP and 1 from the constraint of the number of occupied states) for 9 unknowns (n a , n b , n c , n )(e 1 + e 2 ) mod 1.
is the polarization in C 3 symmetric TCIs.
Fourfold symmetry
For C 4 symmetric lattices, we choose the basis vectors to be e 1 = (1, 0) and e 2 = (0, 1). As shown in Fig. 2 , there are two maximal Wyckoff positions, a and b, both with multiplicity 1, and one maximal Wyckoff position c with multiplicity 2. Thus, we cannot ignore the indices µ and ν in Eq. (B2) when studying the band representations induced from the irreducible representations of G c . Since Γ (4) and M (4) are invariant under C 4 rotation and X (2) is invariant under C 2 rotation, we need to consider the induced band representations for both C 2 and C 4 rotation operators, ρ n a + n b + 2n c = ν, n 
(B16)
Choosing n 0 c and n TABLE VIII. Eigenvalues for C6 rotation operator at Γ points, C3 rotation operator at K points and C2 rotation operator at M points for bands which form the irreducible representations labelled by l of site symmetry groups in C6 symmetric lattices. The "1 or i" means that for the spinless case it is 1 and for the spin- case it is i. We have l = 0, 1, · · · , mα−1 for the spinless case and l = From Eq. (B20) and Eq. (B21), we can read off the eigenvalues that labels the representations of {C 6 |(0, 0)} at Γ, {C 3 |(0, 0)} at K and {C 2 |(0, 0)} at M. The results are listed in Table VIII . With l Π (6) pα , l For C n symmetric TCIs with non-zero Chern numbers, the (generalized) Wannier representation does not apply. In this section, we numerically simulate C n symmetric Chern insulators with disclinations and calculate the bound fractional disclination charge. We use a twoband C 4 symmetric Chern-insulator model (naturally, this model is also C 2 symmetric) with Hamiltonian
